TENSOR PRODUCTS OVER BANACH ALGEBRAS

BY
B. R. GELBAUM

0. Introduction. In [4], [5], [6] the structures 4; ®, A,, where A, and 4,
are Banach algebras, are discussed. Actually, a proper parallel to the algebraic
situation is: three commutative Banach algebras A, B, C, where 4 and B are
C-bimodules (in the sense described below), and some Banach-algebraic version
of A ®¢B. In the first part of the following, we shall give a general discussion
of A®¢B, a natural Banach-algebraic version of the (algebraic) tensor product
of A and B over C. Thereafter, we shall discuss a special case in which 4, B, C
are group algebras of locally compact abelian groups. Finally we shall handle
the even more special problem in which 4 and B are group algebras of locally
compact abelian groups and C is a group algebra of a compact abelian group.
In the last two parts, particularly the last, a connection will be established be-
tween the theory of tensor products and the theory of group extensions. In this
connection, the author thanks L. Auslander for indicating the point in question.
The author is also indebted to Dr. B. Natzitz for pointing out errors and the
need for clarifying several items of an earlier draft of this paper.

1. A®cB. In analogy to the treatment in [5], [6] we consider three commu-
tative Banach algebras A4, B, C where it is assumed that 4 and B are C-bimodules.
The fundamental topological assumption is: For (a, b,c) € Aix B x C,
lac|<]a]]c| and |be|<|b]]e]-

We construct the linear function space and commutative topological algebra

Fe4B) = (flrec™ 5= I |f@bl|a]]s] <)
where multiplication * of two elements f;,f, is defined by
(fi*f2)(a,b) = Ebb . fi(as, by)f5(az,by), if "a ” ” b" >0,
aja2=a;b1b2=

=0, otherwise.
The relations

E( I liGebonanbo])lal o]

(a,b)\a1a2=a;b1by=

s I |fGnbo | |£@b)] [ai] [az] [54] 2]

ay,a2,b1,b>
= 7, (f)1(f)) <o
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show that the series defining (f; *f,)(a,b) converges whenever | a| |b] >0.
Thus f, *f, is well defined and is in F.(A4, B). Commutativity and associativity
of * are easily proved.

In F, we consider the closed ideal I generated by the functions of the follow-

ing types:
¢)) flay +azby) = —f(ay, b)) = — f(az,by),
f(a,b) = 0, otherwise;

@) flay, by +by) = —flay,by) = —f(ay,b2),
f(a,b) = 0, otherwise;

3 flaser,by) = —flay,eiby),
f(a,b) = 0, otherwise;

) flaiey,b)ey = —f(ay, by),

f(a,b) = 0, otherwise.

(If C has no identity, then for A€ C we include in I the functions

(39 f(aiA,by)) = —f(ay,4by),
f(a,b) = 0, otherwise;
) flaA,b)A = — f(ay,by),

f(a,b) = 0, otherwise.)

We then define A ®.B to be F(A, B)/I. After the next remarks we shall show
that D = A ®¢B is a commutative Banach algebra and then we shall investigate
the maximal ideal space I,,.

It is of interest first to illustrate the above concepts.

Example 1. Let S = {z| | z| <1} and let A=B = C(S). Let C = 4,
= {f|f analytic in S°, f continuous on S}. If A and B are regarded as
C-bimodules with elements of C acting by pointwise multiplication, then the
conditions of our general discussion prevail and 4 ®. B is definable.

Example 2. let G, H, K be locally compact abelian groups, and let
0s:K—G, 6:K— H be homomorphisms such that 04K) and 04(K) are
closed subgroups of G and H respectively. Let A =L,(G), B= L,(H) and
C =L(K) and for ae A, ce C define ac by

ac(®) = fKa(é — 650N e(0) L .

Again (see §3) the definitions permit the construction of 4 ®B. (Note the case:
G, H subgroups of a supergroup, G > K, H o K, 0;, 0y the inclusion maps.)
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Example 3. Let H® = {fl f analytic in SO, supso]fl < oo}. Then if (a)
A=B=C(S), C=H®orif (b) A=B=H ®and C= A,, A®cB is definable
in a standard way.

Example 4. Let C®([0,1]) be the set of functions continuous on [0,1] and
having k continuous derivatives on [0,1]. For fe C*([0,1]) let

k
17l = Z sup{ls9)] [osx=13.

Then with the obvious definitions of operations, if 0 < k;, k, < k; and if
A=C*)[0,1]), B=C*)[0,1]), C=C*[0,1]), we see that A®B is
definable.

Example 5. A and B are two commutative subalgebras of a commutative
Banach algebra and C=A4ANB.

In defining A ®B = D, we did not prove it is a Banach space. However,
the only question of substance is resolved by

LemMA 1. If fe F{(A,B) and if y,(f) =0, then fel.

Proof. For each pair (a,b) either ||a || =0 or ” b” =0 or f(a,b)=0. We
may confine ourselves to the case |a| = 0. Let f(a,b) = c and choose a; # 0.
Then using the customary symbolism we find:

c((ay —a))®b) — c(a; @b) — c((—a,) ®b)el, via(l);
— o(a; ®b) —c((—a)@b)el, via(4');

and thus c(0® b)el.

Thus, from Lemma 1 we can conclude that if y(z) denotes the quotient semi-
norm of ze D, then y(z) = 0if and only if z = 0. It is now clear that D is a com-
mutative Banach algebra.

2. Maximal ideals. Let 9. be the set of multiplicative homomorphisms of
C into C (or, equivalently, the set of regular maximal ideals of C). Let M2 be
I with the null map adjoined. We use I, and M in a similar sense.

THEOREM 1. There is a homeomorphism t: N, ->M, x My and the image
of © is a locally compact subset of M, x My. There are continuous mappings
LM, > M, v: M > IS such that if p=pxv then 1(WMy) = p~ '(A) where
A = diagonal of M. x M. These mappings are furthermore related as fol-
lows: If zeD and if z has the representative

ﬁl c(a,®b,)  [51,[6],

then for any Mpe M,
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E(M D) = ;l én(M C)du(M A) Bn(M B) >

where t(Mp) = (M, M) and p(M,) = v(Mp) = M.
The proof of the theorem will follow a sequence of lemmas.

LEMMA 1. There is a function k(c,M,), independent of a such that for
acA, [(ca)]~(M,) = k(c, M )a(M,).

Proof. Let a¢ M, and let
k(c,a, M) = [(ca)]” (M) [a(M,).

We show that so long as a¢ M,, k(c,a,M,) is independent of a. Indeed, if
ay ¢MA3

[(ca)] A(MA)dl(MA) — [(cay)] A(MA)d(MA)
a(M ) (M o) ’

The numerator of the last fraction is [(caa,)]~(M ) — [(ca,a)]"(M,) which is O
since A is commutative. Dropping a from k(c,a, M ,), we let the result denote the
required function: k(c, M) . If (M ,) #0, then clearly [ca] (M ) =k(c, M n)d(M ,).
We observe that every M, eI, is a C-ideal and similarly every MzeIy
is a C-ideal. Indeed, if aeM,, ceC, let a,¢ My, a,—a. Then
ca,—ca, [ca,]"(M,) = k(c,M)d,M,)—0, ie., [ca]*(M,)=0.
Hence, in particular, for all a: [ca]*(M,) = k(c, M )d(M ,).

k(c,a,M,) — k(c,a;,M,) =

COROLLARY. If for some ao¢ M, cageM,, then cA= M,.
Proof. k(c,M,) =0, whence for any ae A, [ca]*(M,)=0.

LemMA 2. For M, fixed, k(c,M,) is a continuous homomorphism of C
into C. (Either there is an M€ M such that é(M¢) = k(c,M ) or k(c,M,) =0.)

Proof. The equations k(c, + ¢,, M) = k(cy, M) + k(c,,M,) and k(Acy, M)
=Ak(cy, M ,), A€ C, are clearly true. On the other hand [(c,c,a)] (M) = k(c;, M ,)
(c;a)~(M ) = k(cy, M ) k(c,, M )d(M ), whence k(cycy, M )=k(cy, M Dk(cz, M ).
Finally, if lim,, ¢, = 0, then for a ¢ M,

|keom] s dzblel g
" aM )
as n— co. Thus k(c, M) is continuous in c.

Note that if C=C then k(c,M,)=c.

Defining 1:9, —MS by u(M,) = Mc if k(c, M) = &(Mc) and p(M,) = null
map if k(c,M,) =0, and similarly defining v:M;—>IM2, we shall define = so
that 7, u,v behave as stated in the theorem. (In Example 5, if C is contained in
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the radicals of both algebras A and B, then u(M,) = null map, v(M ) = null
map for all M,,Mg. In other words p(IM, x Wtz) may be completely outside
M x Mc.) First we prove

LEMMA 3. u and v are continuous.

Proof. Let u(M,) = X, where X is either some M. or X is the null map. If
NX) ={YeM?| |e(Y)—é(X)|<e, i=1,2,--,n}, let 4M)=1 and let
NM ) = (M| |[(@c)] (M) — [(ac)] (M) | <y, | d(MY) — d(My) | <&,
i=1,2,-,n}. Then for 0 <&, < /(1 + max; | ¢;||), u(N(M,)) = N(X). Hence p
(and similarly v) is continuous.

To define © we proceed as follows. Let Mpe I, and let ue D be such that
#(Mp) =1. Regarding D as a bimodule with respect to A, B and C we define:

b4@) = [(a)]"(Mp),
d5(b) = [(bw)]"(Mp),
dcle) = [(cw)]~(Mp) [51.[6]-

These are clearly continuous homomorphisms into C. We shall show that ¢,
and ¢y are surjections by first noting

LEMMA 4. A regular ideal in D is simultaneously an A-ideal, B-ideal and
C-ideal.

Proof. See proof of Lemma 1 [5, §1].
If $7'(0)= A, and if u is represented by
o0
L c(a,®b),
n=1

then, for any a,,,

L cfa,a,® b))

n=1

represents an element in M, whence u? € M, and a contradiction results. Thus
let ¢;'(0)=M,, ¢3'(0) =My, ¢z'(0) =X (where X eIM2). We shall show
p(M ) = v(Mp) = X . Indeed, since u> — u € M, we see that forae A4, be B,ceC.

[(@bew)] (M) = [(acu)] (M) [(bu)]~(M )
= ¢4(ac)¢(b)
and
$alac) = [(acu)]*(Mp) = [(a)]"(Mp) [(cu)]“(Mp)
‘ = ¢4(@) dc(c).
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Thus, if $4(@)#0, $,(ac)/$(a) = $(c). Similarly $5(bc) = $5(B)bc(c). In
summary, for ze D, and z represented by

[

Y ¢(a,®b,),

n=1

we have the formula

0

2(M D) = z én(X )dn(M A)B n(M B) .

n=1

Note that in the above X € M, since otherwise 2(Mp) = 0 for all z, and this
contradicts the fact that Mpe 9R,. Thus we see that an Mpe I, engenders a
pair (M, Mg) e M, x My such that p(M, M) e A. (Referring again to Example
5, we see that if C is contained in the radicals of both algebras A and B, then
YN, is empty.) Clearly if (M, Mp)ep '(A) and if u(M,) = v(Mp) = M, then
the mapping taking z e D into

[

X &M M)b(M5)
(where z is represented by X2-, c.(a, ® b,)) provides a nontrivial homomor-
phism D— C. Let ©(Mp) = (M4, Mz). We must now show that 7 is a homeo-
morphism.

t is 1-1: If ©(M,) = ©1(M}), then for any ze D represented by c(a ® b) we
have £(Mp) = 2(Mp), whence by linear extension, for any ze D, £(Mp) = 2(M}),
and thus M, = M},. Bicontinuity of 7 is established as in [4] and in the cor-
rected version in [5].

REMARK. p-1(A) < p-1(A) U {(M 4, Mp) | u(M,) = v(Mp) = null map}. In-
deed, if (M ,,Mg)ep~1(A) and pw(M,) # null map or v(Mpg) # null map, we
may assume u(M,)# v(Mg) and u(M,) # null map. Thus we may choose
cev(Mp) \n(M,) and so that é(u(M,)) =1. Let 4(M,) = b(M ) =1 and choose

N(M ,Mp) = {(Mj,Mp)| |aM,) —aMp | <e, |bMp) - bMy)| <e,
| [(ca)]~(MY) — [(ca)]* (M) | <&, | [(ch)]*(M) — [(cb)]*(M}p)| < &}

Since N(M,Mp) Np-'(A) # &, there is in N(M,,Mp) a pair (M}, M) such
that u(M,) = v(M3) = M¢ # null map. However [(ca)]*(M ) =1, ([cb)]~ (M) =0,

aMYl <1+e, |bMp|>1-e.

Hence, by direct calculation (1 — &) /(1 + &)< I éM{)| <e (1 — g), an impossibility
if 0 <& < 1/3. Thus p~1(A) < p~Y(A)U {(M, M )| (M) = v(M p) = null map}.
We have noted earlier, in connection with Example 5, that p(9t, x M) may
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be (M2 \M) x M2\M,), ie., the null maps. Hence p(M, x M) does not
necessarily contain A. However we can prove

PropPosTION 1. p(MR, xMp) oA if and only if for every Mce M.,
IMo) =1z | zeD,z represented by X7, ¢ (a,®b,), c,eM¢, n=1,2,--} is
contained in some Mpe My, i.e., there is a pair (M 4, M ) such that p(M ) = v(M g)
= M if and only if I(M/) is contained in some Mpe I, .

Proof. Assume I(M() is contained in some Mpe M,: I(Myo) = M,. Let
©(Mp) =My, Mp), u(M,) =vw(Mp) =M. We show M= M¢. If M +# M,
choose ce Mc\M¢, a¢ M,, b¢ M. Then w represented by c(a ® b) satisfies

W(Mp) = éMe)a(M )b(M ) # 0.

On the other hand we M, and a contradiction results.
If u(M,)=v(Mg)=Mc, let M,=1-'(M,,Mp). Then if z, represented by

0

c(a,®b,),
=1

n

is in I(Mc),
Z(Mp) = Elén(Mc)dn(MA)Bn(M B =0.

Hence I(M¢) € M.

If A, B, C are as in Example 5, then for Mye IR,, 1(Mp) = (M4, M) where
u(M,) = v(Mg) = M and M is the kernel of both homomorphisms 4 - A /M,
B— B/Mjy when they are confined to C. In fact [(ca)]™~(M,) = é(M)d(M,).
Thus k(c,M,) = é(M,) and we see é(M() = é(M,). Similarly, é(M() = é(M).

The discussion of the semisimplicity of D when A, B, C are semisimple will
not be given. The case where C = C is to the writer’s knowledge unresolved and
a fortiori the general case remains an open problem. We shall see later how the
semisimplicity of D enters in an essential fashion in the study of the area associated
with Example 2.

3. Group algebras. We now turn to a more detailed discussion of Example 2.
Direct integration computations show that 4 and B are C-bimodules in the sense
discussed. We shall in this section write G, H, K for MM, M, M. and «, B,y for
M, Mg, M. [10]. One purpose of the development will be the discussion of the
relationship of D to the group algebra L,(®) of a group ® constructible from
G, H, K. To this end we proceed as follows:

LemmA 1. The maps p:G— R and v:H - K are the duals 0f amd 6}
of the maps 0; and 0.
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Proof.
[ca]™(®) = é(u(@))d(x)

~ [ [ ate - s @ dcae
G JK

= a@EO05(®)-

Thus 0§(x) = p(e) and similarly 6%5(B) = v(B).
It follows that

(M)

{(@.B) | 0%() = 6%(B)}
= (0% x 0%) !(diagonal (K x K)),

a closed subgroup of G x H. If indeed D = L,(®) for some locally compact
abelian group ® then I, and @ are identifiable and I, = G. Since M, is already
exhibited as a group we find

where My = {(&, r])|((oc, B), & m)=1, all («,)eMp} and the candidate for &
is (G x H)IM3.

LeMMA 2. Let 8y: K - H denote the mapping { — — 04(). Then
My = (0 x 0,)(diagonal (K x K))=Q.

Proof. Q is a closed subgroup of G x H. For if for some net
(06, 04— (£,m)eG x H, then from the fact that 0,(K) and Gy(K) are
closed and the mappings 0;: K — 05(K), 0,:K — 04(K) are homomorphisms,
hence open, we conclude (¢, n)eGG(K) x O4(K). Let 05(() = & Oy()=n.
Using the fact that 05: K — 04(K), 0: K - 0,4(K) are open, we can find a subnet
{;,—¢,, and a subsubnet {;, -, such that 05((. )~ &, 04(.,)~>n. Since {,,
is a subsubnet of {,,, and K is a T)-space, we conclude {, ={, and (£, n)€Q.

Now if £=0450), n= GH(C) then for (o, ) € My

(06,0 (D), B) = (05N 0%(B) = 1.

Hence Q <M. On the other hand, if (£,7)eM3\Q, choose (2, fo) such that
(& %0)(n, Bo) # 1 and (85(0), %0) (Bu(0), Bo) = 1, all {e K. Then for all &, § such
that 63(x) = 05(B) (i-e., (2, ) € My)

&)@,p =1.

But, by assumption ({,0%(x0)) = ((,05(Bo)), all {eK. Hence 0%(xo) = 05(Bo)
and thus (&,00)(n,B,) =1, a contradiction. Thus My = Q. The mapping
0 % §H: diagonal (K x K)—9M; is easily shown to be continuous and open.
(Here and earlier we have exploited the standard proposition Let @: X — Y be:
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a surjection. Then @ is open if and only if whenever y, = ®(x,)— ®(x) = y for
some nets y,, x,, there is a net x, — x and a subnet y,,, of y, such that ®(x,)
= Yo = y.) Manifestly 6 x 0y is _a homomorphism.

Presumably then & should be M, ie., if ® = (G x H) /(05 x 0})(diagonal
(K x K)), then D =~ L,(®). We shall see to what extent we can establish the
truth of

D =~ L(6).

We shall assume in what follows that K is compact.
The first step in the process will be the construction of an epimorphism
T:D— L,(®). It will then be shown that T is an isomorphism if and only if

D is semisimple.
We begin by defining two mappings on the functions f of Fo(4,B) with finite

support:
Ty(c(a ® b)) (&,m)

=f j a(E = B6(Ls) — 0(C)eC )b — Bu(s) dLydCs,
K K
Ty(cla ® b)) (&)
- f f (& = 0L )L )b — Ou(Cs) — OuC)) dLadls.
K K

By changing variables, {, > {5 — {,, we conclude T, = T, = T. The usual inte-
gration procedures show 7(f) e L,(®) and that T'is bounded. That is, although
T(f) is ostensibly a function of (&,1), actually T(f) is constant on cosets of
Q, T(f)e L,(®) and for some constant M, | T(f)| < My,(f). Thus T may
be extended to all Fo(A4,B) by continuity. Further manipulation of integrals
shows that T(I) = 0 (since these manipulations are typified in some of the proofs
below, they are here omitted). Hence 7' defines a unique bounded mapping
T: D- L(®).

LemMA 3. T is multiplicative.

Proof. Let g represent the typical element of &: g = (&,%)/Q.
T(cscx(aga; @ byby))(9)
=[] L] ] e - e- 06t - ostpmstenentts - teaeo

= by(n — ny — 04(L;))by(n,) d&yidndl,dl,dls.

This may be written after the change &, —» &; — 04((3)
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L fﬂ [ LUK“*@ — & = 05(01) — 06(L) + 06(C3))ar(E, — 06((s)
- e4(ls = {)e2()by(n = 11y — Ou€2)bo(ny) dCldCZdC3] At dn,.

and this in turn is
[ AL L [ aste— 2= 0 - 00t + 06t - 6y
<ay(&y = 06(C3) — 06(a))cs(Cy — L3)ea(C)by(n — ny — Ou(L5) — gH(C«;))
sl = D) dEadCadts | dt) dg.

We have used the formula

J ®(w) do = f O((0 x )¢, D) L) = f OO x ) ) dL.
Q diagonal (KxK) X

valid (if the Haar measures are adjusted) for any ® continuous and with compact
support. The formula follows from the simple observation: If §: X — Y is an
epimorphism of compact groups, then

f D(O(x)) dx
x

is an invariant functional on L,(Y). Thus for some Haar measure on Y

JX(I-"(O(x) dx = J;D(y) dy.

We assume the adjustment has been made. We find then

T(C1(al ® bl))T(Cz(az ® b)) )
- L{[ f f ay(E = & = 06(Ly) — OaC)erCbytn — s — H(cz»dc,dcz]
. [ fK f ax(E1 — 06(Ls) — OL))e(Co)balns — Galle) dc3d¢4]} dg.
Changing variables ({; = {; —{;) in the first [ ] above we obtain
f {[ f f ay(E = & — 0(0) — O6(Ls) + 06N er(Cs — L3)
® KJK
- by — 11 = L)) dcldcz]

: [ f f a3(&; — 06(Ls) — 06(La)exCs) bty — On(Ce)) d@d@] } dg.
KJK
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We may replace (1) by (&,1) — (06(Cs), 0x(C,)) in the first [ ] above and obtain
j { [ f f ay(E = & = 06(Ly) — 0(Cs) + 0(L) — OaeDer(Cy — L)
® KJK
+ byn = 11 — 0a(Ca) = Ou(Cs)) dcldcz]
: [ f f 031 — 06(L) — 06Le)eaC)batn — Ou(Ca)) dcada]} dg.
KJK

Comparison of the formulas for T(cicy(aa, ® byb,)) and T(c,(a; ® b,))
-T(c,(a, ® b,)) shows they are the same and we conclude that T is multiplicative.

LemMA 4. Let A ,C be commutative Banach algebras, A a C-bimodule.
Let {¢} be an approximate identity for C. Then {¢} is also an approximate
identity for A if and only if each d,e A is of the form ¢&a,, é,eC,a,¢e A.

Proof. Paraphrasing Cohen’s argument [3], we find that if {¢} isan approx-
imate identity for A, then each 4, € 4 is of the form indicated. Conversely if
ded, let a, =¢éad,. Then ¢éad, — a, = é¢,da, — ¢,8, = (¢, — ¢,)d,—»0 on
the net {¢}.

LeMMA 5. Let K be compact and let {c}, where all ¢ are continuous and
nonnegative, be an approximate identity in C = L{(K). Then for ae A = L,(G),

add) = La(é 0O d > a
on the net {c}.

Proof. We may assume that a is continuous, nonnegative and that a has
compact support. Hence there is a fixed compact A < G such that a and all a,
are 0 off A. Then we write

[ 1aw - a0 az
G
- M, ( [ Jate +0u0) - ae + 0000 | ) e,

G/0g(K)

where A= ¢[05(K) and where M, is some constant. (An adjustment of Haar
measure would make M, = 1. This would have to be reconciled with the earlier
adjustment used in the proof of Lemma 3. For our purposes, the above suffices.)
Our assumptions imply that the functions

f ol + 6,0V L, j a (& + () L,
K K

in L,(G /65(K)) are continuous and that they all vanish off the compact set A [65(K).
For ¢ >0, and each ¢ + 05(K) e A [05(K), choose 6, >0 and ¢, so that
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*) [ e+ 060 - ae + 060 dc <3,
for c; and all ¢ beyond c,. Let 6, > 0 and let ¥ be a neighborhood of 0 in G /04(K)

such that for &, + 06(K) €& + 05(K) + V, [| a(¢ + 06(0) — a(¢, + 05(0))| d¢ <5,
Then, for such &,¢&,,

| J; (@& + 05(0)) — a(&; + 0c(0) dL [

- | L fx(a(f+0<;(€)—0(;(é'1))—a(él+()G(C)_eG(gl)))c(cl)dCdcl

IIA

f @) ( fkla(é +06(0) — a(&, + 640)| dc) aL,

< d,.

In other words, the functions [ya(¢ + 05(0)dl, [xa ¢+ 04()d{ form an
equicontinuous family. Hence for each & + 05(K)e A [64(K) there is a neigh-
borhood V(¢ + 05(K)) where the inequality (*) persists for all ¢ beyond c;.
Let V(& + 04(K)), i=1,2,---,N be a finite subcovering of A /04(K). Then for
all ¢ beyond the ““last’ c;, and for any £ + 05(K)e A /05(K), (*) is true. Hence if

oM, j di<e,
Al8G(K)

we see [g|a(¢) — a(&)| d¢ < & for all ¢ beyond the “last” c, i..,
iim [ [a® - a0l d = 0.
{c} J6

Furthermore, since | c| =1, we find ||a | < |a].

Combining Lemmas 4 and 5 we see that there is an approximate identity {c}
for C that is also an approximate identity for 4, and mutatis mutandis for B.

LeMMA 6. T is surjective.

Proof. Let ¢eL,(®).If R:L,(G x H)— L,(®) is the canonical epimorphism
R = [ y@n+ods,
let R(®) =¢. Via [7, p. 59-60], [9] we can findaZe A ®,B,Z represented by
[«
L @®b),
n=1

such that in the isomorphism A ®,B <> L,(G x H),Z «>®. Exploiting Lemmas
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4 and 5 we find elements c,eC and a,e A such that 4, = a,c,. It is now clear
that if z in D is represented by

Y c(a,®b,),
n=1

then T(z)=¢.
TueorReM 1. T is an isomorphism if and only if D is semisimple.

Since ® is a locally compact abelian group, L;(®) is semisimple and thus
if T is an isomorphism, D is semisimple.

On the other hand, let D be semisimple. We shall show that for any
ze T~ Y0), 2(Mp) =0, whence z =0, Tis 1-1 and, from the earlier results, an
isomorphism. To this end let

0
2 cll(all ® bﬂ)
n=1
represent ze T~ '(0). For any M, let (M ;) = («, B) where 0%(x) = 05(8) = y¢ K.
Then

M) = T G0@b)

_ °>°:l fﬁ [ ( [ aue = vetcneacntn L.\ &R dedr
- f: f@ { “ | 4. + 00€2) = 06 e, CDbtn + 0u(E2) dcl]

K

- EF 0 1+ 0l D) L) dg
where g denotes the coset of (£,1) in ®,

(& + 06(L2),0) (1 + O(L2), B) = (8, {2 B})

where {«, B} is the element of 6 corresponding to the pair (x, f)e @+ . Setting
T(c,(a, ®b,)) = ¥,(g) we find the above sum of integrals reduces to

0
L | 0@ {mh) dg = [(T]"a.) = 0.
Hence z =0 and T is an isomorphism.

Note that when C =C, D is semisimple, ® =G x H and a known result
[5], [9] obtains: Ly(G)®,L,(H) = L(G x H).

In [6] the relationship between Grothendieck’s ‘“‘condition of approximation”’
and its equivalents [7] on the one hand and the semisimplicity of 4 ®,B, when
A and B are semisimple, on the other hand were examined.
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Pursuit of the same line here does not appear promising. The method that
succeeds in the case of A ®, B would require, in the context of L,(G) ® 1, k) L1(H),
the presence of many finite-dimensional L,(K)-modules in L,(G). However, if
G = R, K = Z and if 0 is the inclusion map, then L,(G) has no finite-dimensional
L(K)-modules other than {0}. This fact can be verified quite easily as follows:

Let N be a nontrivial finite-dimensional L,(Z)-module in L,(R) and let
{a;}{-1 be a basis for N. For some integer r, real numbers t,,¢,,t5,1,, and some
¢ in L,(Z) the following hold:

@) r<ty<t, <tz <ty <r+1;

(b)) é&f)=0if O<iy<i<i,<l1l, é&(f))=1 if O<iz<i<i,<l1, where
f=1t (modl);

(c) {a(f)} are linearly independent on (#,,7,) and on (#;,7,).

If ca;, = ij:,l,.ja ; we rapidly conclude the contradiction: 4;;=6;;=0 for

all i,j=1,2,---,n.

4. Tensor products of groups. In the setting most briefly described by the
symbols {G,H, K, 0,0} we may interpret K as operating on each of G and H
according to the following format: Let G = {¢}, H = {}, K = {{}. Define the
action of {eK on ¢(e€G by {(&) =& + 04(). Similarly {(n) =n + 04(). Thus
each { € K induces 1-1 mappings of G and H upon themselves.

It is simple to give abstract characterizations of the actions of these mappings.
Then, in G x H we may introduce a relation S by the rule: (&;,7,) S(&,,n,) if
and only if there is a { € K such that {(&,) = &, and {(n,) =n,. The relation S
is easily shown to be an equivalence relation because K is abelian. The S-equiv-
alence class containing (0g,05), the identity of G x H, is then readily seen to
be a subgroup (normal since G and H are abelian) which we may readily identify
with what we have already denoted by Q. In terms of the mappings that K in-
duces on G and H, we may then recover 0; and 6y by the formulas
05(0) = £(05) , 0p(D) = {(04) .

In the light of the above we choose to interpret G x H /Q as the tensor product
G ®x H relative to the mappings 0; and 0y or (equivalently) relative to the
defined actions of K on G and H.

If we show then that L,(G) ® 1, x) Li(H) and L,(®) are isomorphic we shall
simultaneously show that the tensor product of group algebras is the group
algebra of the tensor product.

The theorem we shall prove is

THEOREM 1. If G and H are locally compact abelian groups and if K is a
compact abelian group, then

L(G) ®p,x Li(H) = Li(GQgH)

where the tensor products in question are taken with respect to continuous homo-
morphisms 0 and 0y of K into G and H. '
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This result was proved in 1962. During an unavoidable delay in the publica-
tion process, Boaz Natzitz had the opportunity to work with the author and he
extended the theorem to the case where K is permitted to be locally compact
(and abelian). His efforts led to a doctoral dissertation at the University of Minne-
sota, and his paper (incorporating new methods) will be published at a later date.

We begin the proof of the theorem with

LeMMA 1. Let G be a locally compact abelian group and let ae L(G).
Then for ¢ > 0 there is a ue L{(G) such that "u |i <2, u is continuous, u has
compact support and such that ” a—au || <e.

Proof. Let ve L,(G) be such that |a —av| <&/2, |v]| =1. Choose u con-
tinuous in L,(G) and so that ||u| 2, |v—u| <&/2|a] (to avoid the trivial
case we assume a #0) and u has compact support [10]. Then ” a—au "
= ||a—av|| +”av—au!! <ef2+¢el2=e.

Now let & =(,7) where (e K, ye K. Then ¢,eL,(K). If aeL,(G) and if
d has compact support then

Ga = [ a€-0,00Cn at

=LU;“”@“%@mdQQMdL

Hence, the fundamental relations among group characters of compact groups
show

ta = [ @ o [ v o) av da

=J (@) (&) da.
0‘; “1(y)

Let z" D be represented by X2, ci(a, ® by) and be such that 2"(M,) = 0.
By the use of approximate identities (cf. Lemma 1) we can for ¢ > 0 produce a
z’ represented by X, c,(a, ® b,) such that y(z' — z") < /2, 2'(Mp) =0, and
such that all 4,4, ,¢, have compact support. Actually, and we shall need this
in the course of our argument, there are fixed compact sets I', H,K in G, A, K
such that for all n, support (4,) =T, support (b,) = H, support (¢,) = K. Fi-
nally, by the use of two functions u, v, nonnegative and with compact supports,
C.,D, we may write a, = ua,, b, =vb, and conclude that X, c,(a, ® b,) rep-
resents an element z such that y(z' — z) < ¢/2%, #(Mp) = 0. The exploitation of
(3),(4"), §1, permits us to assume X%, |a,|, X2, [8,] < .

Since K is compact, K is discrete, K is finite and each c,= X, . . &) (7).
We conclude that
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> ( x c‘..(v)éy)

n=1 YEK

( L fad,'.(a)(él,a)u(é—él)dél A ® L Jﬁg;(ﬂ)(”l, Byotn — o), dﬂ)

represents z.
Next we write for each yeK,

Ja N J; +\fa ’
c ) G2 1(y)
L J;;;'(y) N ooy '

From Lemma 1, §1 we see that if cc’(a ® b) represents some w and c¢’a =0,
then w =0. In the present circunstances, if ¢(a ® b) represents some w and ca =0,
then w = 0. For if ¢’ is properly chosen so that || c’c — ¢ | is small, then cc’(a ® b)
represents a w’ near w and on the other hand w’' =0.

From the observations

Ga=_ de)End
0 ()

and ¢, *¢, = ¢, we conclude that z is represented by

> (2 c:(y)cy)

n=1\yekK

( J f o1y HAOELDUE =) derda @ L f o a;m)(n,,ﬂ)v(n_nl)d,,ldﬂ)_

If zy is represented by the first N terms of the above series, then y(zy — z) >0
as N — oo . We shall show that for each N, there are finitely many precompact
disjoint measurable sets C;, D; in G, H, elements &, C;, i, € D; for which X,m(C)),
Xmy(D;) < To < 0, where T, is N-free, and for which

Z(Z ([, L, T 40U E DD dead)

- (M(CHu(E — &) ® my(D;) o(n — »7,-»)

represents a Zy such that y(2y — zy) < ¢/2*, for all N. Assuming this we finish
the proof as follows: First we see X.°_, é,(y)dy(e) b,(B) = 0 in the ranges of inte-
gration, and S = X;L; | ¢, | | ar| |6} <oo. Thus for some N, depending

only on S and on the measure of H x K

(**) ||( fo fo . El &) abYB) (&, o) (7, B) dad/f)c;ii <5

G (62}
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where & - my(K) - Tg < &/25, if N2 No. If r;=mg(C), s; = mg(D;), then
W < &m0 ( I rifute = &) s, ot =7 1)
8 my(K) T rs; = 5-m,((K)(§‘, r,.)(§ s,.)

I

< 6-mg(K)T3<e[2°.

Hence y(Zy) <¢/2°.

In summary, we choose N, so that (**) holds for N = N,, then N > N,, so
that y(zy — z) <¢/23, then C;, D;, &, n; so that y(Zy — zy) < &/24. As above,
y(Zy) < €/25 and

P(z") £ 92" = 2)+ 92" = 2) + 9(z — zy) + Y(zy — Zy) + ¥(EN) <e.

Since ¢ > 0 is arbitrary, we see z' =0.

Thus we must prove the statement concerning the r;,s;,+--.

For brevity we set ¢a,=d,,, ¢b,=e,. Then zy is represented by
TN ( Z, ek G2 (d,u @ e,,v). For p >0 there are compact sets C,, D, such
that

G H~D,

\NCgn=1 yekK e n=1 y ek

since X2y || a,| X¥-1]b;] <co. Hence there are compact sets C,D, inde-
pendent of N such that wy represented by

N
2 ( Zama) ( [anoue -2 de@ [ entriutn —nan,)
n=1\ yekK C D
satisfies y(zy — wy) < p/2%. The functions d,,,e,, are uniformly continuous and
thus for ¢ > 0 there are neighborhoods X(0), Y(0) in G, H, such that

Idny(él) - dny(éZ) |9 Ieny(’h) - env('72) i’ " Ug, —Ug, "’ ” Uy = Uy, " <@

if ¢ — &,€X(0),n, —n,€ Y(0).

1If we cover C and D with finitely many translates of X(0) and Y(0) and then
partition € and D into finitely many measurable precompact sets C;, D; each of
which is contained in one of the chosen translates of X(0), Y(0), and if
¢eC, fi;eD;, we can estimate

| [ anteoue - 20 &~ T dyou - BymalCy |
C i

| [emtrotn =modn, — e iputr ~ ipma0) |
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Indeed (we estimate only one of the above, the other is treated similarly),

if.-z]-12[-%]

“ Z': fc:‘ d (&) (€ = &) — u(é - &)) dé, “ + omg(C) | u I

IIA

IIA

£ [ | auel( [ lute - €0 —u - 2] ) de, + ome(C)

< a( [ 1) e, +m(0)).

It is now clear that for ¢ > 0 small enough, Wy represented by

N

E‘( ZK 6,.(7’)5)') ( 2 dny(éi)u(é - Ei)mG(Ci) ® ; eny(ﬁj)v(’l - ﬁj)mu(Dj))
n= Y € i .

satisfies y(Wy — wy) < p/22. It is clear that
N
S([ ., [ T a@awbeee,ndds,
7eK i 0% ' Joi 'yn=1

* (mg(Cu(¢ — E) ® my(D j) o(n — ’7,‘))-

represents Wy, and that X,m¢(C), X imu(D;) £ max (mg(C),my(D)) = Ty < .
Hence for small enough p, y(y — zy) < p/2 + p[2? <g/24. The proof is over.

In the theory of group extensions [2] two fixed groups K, S are considered
and the exact sequences

0 Kk-25.6 %5 L0

are gathered into equivalence classes. Two such sequences (one with G, one
with H) are considered equivalent if and only if there is an isomorphism
Ver: G— H such that

G(F/’G\q—iG
0- K l,pc,,sqo

0a N B

1s a commutative diagram. If G and H are class representatives (the diagram
may or may not be commutative), the group

J = [(¢¢ % ¢g)~*(diagonal(S x S))]/[(8; x O)(diagonal (K x K))]

is again associated with an exact sequence

H
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0

0ok s Lo

representative of the Baer product [1], [2] of the originally given classes.
In our discussion

® =G x H/[(65 x 0y)(diagonal (K x K))]
and
G =[(6%x0%)" (diagonal (K x R))]*.

In particular & is a supergroup of a representative of the Baer product
when G /05(K) and H /0,(K) are isomorphic. It is a simple matter to verify
that ® is a representative of the Baer product if and onlyif 6; and 6, are iso-
morphisms. In this case we obtain & = G, L,(G)® 1) L1(G) = L,(G) a result
derivable by direct examination of the data.
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